A k-L(2; 1)-labeling of a graph G is a function f from the vertex set V (G) to {0; 1; : : : ; k} such that
Introduction
The L(2; 1)-labeling problem proposed by Griggs and Roberts [22] is a variation of the frequency assignment problem introduced by Hale [14] . Suppose we are given a number of transmitters or stations. The L(2; 1)-labeling problem is to assign frequencies (nonnegative integers) to the transmitters so that "close" transmitters must receive di erent frequencies and "very close" transmitters must receive frequencies that are at least two frequencies apart.
To formulate the problem in graphs, the transmitters are represented by the vertices of a graph; two vertices are "very close" if they are adjacent in the graph and "close" if they are of distance two in the graph. More precisely, an L(2; 1)-labeling of a graph G is a function f from the vertex set V (G) to the set of all nonnegative integers such that |f(u) − f(v)| ¿ 1 if d(u; v) = 2 and |f(u) − f(v)| ¿ 2 if d(u; v) = 1. For a nonnegative integer k, a k-L(2; 1)-labeling is an L(2; 1)-labeling such that no label is greater than k. The L(2; 1)-labeling number of G, denoted by (G), is the smallest number k such that G has a k-L(2; 1)-labeling.
The L(2; 1)-labeling problem has been studied extensively over the past decade. Griggs and Yeh [13] showed that the L(2; 1)-labeling problem is NP-complete for general graphs. They proved that (G) 6 2 (G)+2 (G) and conjectured that (G) 6 2 (G) for general graphs. Sakai [23] showed that (G) 6 ( (G) + 3) 2 =4 when G is a chordal graph. Chang and Kuo [3] proved that (G) 6 2 (G) + (G) and gave a linear-time algorithm for the L(2; 1)-labeling problem on cographs and a polynomial-time algorithm on trees. For further study of the L(2; 1)-labelings, see [5] [6] [7] 9, 11, 12, 16, 20, 27] . Variations of the problem have also been investigated, see [2, 8, 10] for L(j; k)-labelings, [15, 18, 19, 21, 26] for circular distance two labelings, and [1, 4] for L(d; 1)-labelings on digraphs.
The purpose of this paper is to study the L(2; 1)-labeling problem for the Cartesian products of paths and cycles. Given two graphs G and H , the Cartesian product of these two graphs, denoted by G H , is deÿned by and
Whittlesey et al. [25] studied the L(2; 1)-labeling numbers for the Cartesian product of two paths and gave the following results.
Theorem 1 (Whittlesey et al. [25] ). (Pm Pn) = 5 if n = 2 and m ¿ 3;
6 if m; n ¿ 3:
Theorem 2 (Whittlesey et al. [25] ). If n ¿ 2, mi ¿ 3 for all i, and mi ¿ 4 for at least two distinct i, then
Theorem 3 (Whittlesey et al. [25] ). If n ¿ 2, mn = 2, mi ¿ 3 for all 1 6 i 6 n − 1, mi ¿ 4 for at least two distinct i or mi ¿ 5 for at least one i, then
For the n-cube Qn, which is the Cartesian product of n paths of length one, Griggs and Yeh [13] showed that n + 3 6 (Qn) 6 2n + 1 for n ¿ 5. They also conjectured that (Qn) = n + 3. Whittlesey et al. [25] showed that (Qn) 6 2n.
Jha et al. [17] studied the L(2; 1)-labeling numbers for the Cartesian product of paths and cycles and gave values for some (Cm Pn) and (Cm Cn) as follows:
In this paper, we give the L(2; 1)-labeling numbers for all Cm Pn and some Cm Cn.
Cm Pn
In this section, we determine (Cm Pn) for all Cm Pn. Recall that the vertices of Cm Pn are denoted by (i; j), where i ∈ Zm and 0 6 j 6 n − 1.
The following two lemmas are useful, where the ÿrst one is from Griggs and Yeh [13] .
Lemma 5 (Griggs and Yeh [13] ). If G contains three vertices of degree k such that one of them is adjacent to the other two, then (G) ¿ k + 2.
We ÿrst consider the case of Cm P2. none in Tj is labeled by i −1 or i +1. Thus |Tj ∩Ai| 6 2. Summing up for all j ∈ Zm, we have 3|Ai|= j∈Zm |Tj ∩Ai| 6 2m and so |Ai| 6 2m=3 . Thus,
Next, we consider the case of Cm P3. A 2-stable set S of a graph G is a vertex subset in G such that d(x; y) ¿ 1 for any two vertices x; y ∈ S. Proof. For the case when m = 4 or 5, according to Theorem 4, we only need to prove that (Cm P3) ¿ 7. We ÿrst consider the graph C4 P3. Suppose, to the contrary that (C4 P3) 6 6. Consider the subgraph C4 P2 of C4 P3. By Theorem 7, we know that (C4 P2) = 6. Let f be a 6-L(2; 1)-labeling of C4 P2. We ÿrst show that f(v) ∈ {0; 2; 4; 6} for all v ∈ V (C4 P2). It is easy to see that |f −1 (i)| 6 2 for 0 6 i 6 6, since f −1 (i) is a 2-stable set of C4 P2.
. By the argument above, we must have g(v) ∈ {0; 2; 4; 6} for all v ∈ V (C4 P3). Therefore, there exist some i ∈ {0; 2; 4; 6} such that |g −1 (i)| ¿ 3. However, since there is no 2-stable set of size 3 in C4 P3, we must have |g −1 (i)| 6 2, a contradiction. Hence (C4 P3) ¿ 7. Next, we consider C5 P3 and assume that f has a 6-L(2; 1)-labeling of C5 P3. Since there is no 2-stable set of size 4 in C5 P3, we must have |f −1 (k)| 6 3 for 0 6 k 6 6. Since there are 15 vertices, so |f −1 (k)|=3 for some 0 6 k 6 6. We may assume without loss of generality that f(0; 0)=f(2; 1)=f(4; 2)=k. If k =1, then f(i; 1) ∈ {3; 4; 5; 6} for i =0; 1; 3; 4. In any case, it cannot extend to a 6-L(2; 1)-labeling, hence |f −1 (1)| = 3. Similarly, we could prove that k = 2; 3; 4; 5. Thus, one of |f −1 (0)| and |f −1 (6)| must be 3. Suppose |f −1 (0)| = |f −1 (6)| = 3 and f(0; 0) = f(2; 1) = f(4; 2) = 0. Note that in this case, f(i; 1) = 1; 5 for i = 0; 1; 3; 4. Hence neither f(1; 1) nor f(3; 1) is 6. Without loss of generality, we may assume that f(0; 1) = f(2; 2) = f(3; 0) = 6. Therefore, f(1; 1) = 3, f(1; 0) = 5, f(2; 0) = 2, f(3; 1) = 4, and then f(4; 1) = 2. Hence no value can be assigned to the vertex (4; 0), a contradiction, so |f −1 (0)|, |f −1 (6)| both cannot be 3. We may assume that k = 0, and then |f −1 (i)| = 2 for 1 6 i 6 6. Since |f −1 (1)| = 2, we must have f(1; 2) = f(3; 0) = 1. Notice that {(4; 1); (4; 0); (3; 1); (0; 1)} induces a K1;3 and only 2; 3; 4; 5; 6 can be used, we have f(4; 1) = 2 or 6. Similar argument shows that f(0; 1) = 2 or 6. Hence we may assume that f(0; 1) = 2 and f(4; 1) = 6. Then f(3; 2) = 2, f(3; 1) = 4, f(1; 1) = 5, and f(1; 0) = 3. Hence no value can be assigned to be the vertices (4; 0), a contradiction. So (C5 P3) ¿ 7 and then (C5 P3) = 7.
Finally, we consider the case when m = 3 or m ¿ 6. Fig. 1(a) shows that (C 3k P3) 6 6 for each positive integer k. Combining Figs. 1(a) with (b) or (c), we have (C 3k−1 P3) 6 6 and (C 3k+1 P3) 6 6 for each integer k ¿ 3. By Theorem 4 and Lemma 5, we have (Cm P3) = 6 if m = 4; 5.
The rest of the section is devoted for Cm Pn with n ¿ 4. The essential arguments are for Cm P4. As the full argument is quite long, we separate it into two lemmas.
Lemma 9. Suppose f is a 6-L(2; 1)-labeling of Cm P4. Then the set of labeling for vertices (i; 1); (i; 2); (i + 1; 1) and (i + 1; 2) must be equal to {0; 1; 3; 5}, {0; 2; 3; 5}, {0; 2; 4; 5}, {1; 3; 5; 6}, {1; 3; 4; 6}, {1; 2; 4; 6} or {0; 2; 4; 6}.
Proof. Since these vertices induce a subgraph C4, and (C4)=4, the di erence between the maximum and minimum values assigned to those four vertices must be greater than or equal to 4. Also note that it is impossible to ÿnd an L(2; 1)-labeling of C4 that uses three consecutive integers. . By Lemma 9, we know the numbers that can be used in this C4 must be A16. Hence f(i − 1; 1) = 4 and f(i − 1; 2) = 2. This case becomes the same as case 1. Therefore, this case is impossible since case 1 is impossible.
Case 3: f(i; 1) = 0, f(i; 2) = 4, f(i + 1; 2) = 2, f(i + 1; 1) = 6. Consider the C4 induced by (i − 1; 1), (i − 1; 2), (i; 1), (i; 2). By Lemma 9, we know the numbers that can be used in this C4 must be A7 and A16. The case A7 is impossible since we cannot assign 2 or 5 to the vertex (i − 1; 2). Hence f(i − 1; 1) = 2, f(i − 1; 2) = 6. Similar argument leads to f(i + 2; 1) = 4. Now, f(i; 0) is either 3 or 5, when f(i; 0) = 5, no value can be assigned to the vertex (i − 1; 0), hence f(i; 0) = 3, which implies f(i + 1; 0) = 1. Now, no value can be assigned to the vertex (i + 2; 0), a contradiction. This case is also impossible.
Case 4: f(i; 1) = 0, f(i; 2) = 2, f(i + 1; 2) = 4, f(i + 1; 1) = 6. Consider the C4 induced by (i − 1; 1), (i − 1; 2), (i; 1), (i; 2). By Lemma 9, We know the numbers that can be used in this C4 must be A6 or A16. Assume that f(i − 1; 1) = 3, f(i − 1; 2) = 5. Consider the C4 induced by (i − 2; 1), (i − 2; 2), (i − 1; 1), (i − 1; 2). The numbers that can be used in this C4 must be A8 (A4 and A6 are impossible). Hence f(i − 2; 1) = 6 and f(i − 2; 2) = 1. Thus Proof. Let f be a 6-L(2; 1)-labeling of Cm P4 and let A = {f(1; 1); f(1; 2), f(2; 2); f(2; 1)}. Assume A = {0; 1; 3; 5}.
Without loss of generality, we can let (f(1; 1); f(1; 2); f(2; 2); f(2; 1))=(0; 3; 1; 5) or (0; 5; 1; 3). Suppose (f(1; 1); f(1; 2); f(2; 2); f(2; 1))=(0; 3; 1; 5). By Lemma 9, we have f(3; 1)=3; f(3; 2)=6, and this implies f(4; 1)=1; f(4; 2)=4; f(5; 1)= 6; f(5; 2)=2, f(6; 1)=4; f(6; 2)=0. By Lemmas 9 and 10, f(7; 1)=2; f(7; 2)=5; f(8; 1)=0, thus f(8; 2)=3; f(9; 1)=5, and f(9; 2) = 1. This implies a recurrence of size 7. Thus, m ≡ 0 (mod 7). For the case of (f(1; 1); f(1; 2); f(2; 2); f(2; 1)) = (0; 5; 1; 3), by Lemma 9, we have f(3; 1) = 6; f(3; 2) = 4, and this implies {f(4; 1); f(4; 2)} = {0; 2}. By Lemma 10, f(4; 1) = 2; f(4; 2) = 0. Then, f(5; 1) = 5; f(5; 2) = 3; f(6; 1) = 1; f(6; 2) = 6; f(7; 1) = 4; f(7; 2) = 2; f(8; 1) = 0; f(8; 2) = 5; f(9; 1) = 3, and f(9; 2) = 1. This also implies a recurrence of size 7. Thus, m ≡ 0 (mod 7). The proof for cases A = A6; A7; A8; A10; A11, and A16 are similar.
The proof of the above lemma also tells us that when m ≡ 0 (mod 7), and f is a proper L(2; 1)-labeling of Cm P4 with f (Cm P4) = 6, then f must be periodical with period 7, and there are only two such labelings (up to isomorphic).
From Theorems 4 and 11, we have the following theorem. Summering Theorems 7, 8 and 12, we have 5 6 (Cm Pn) 6 7 for m ¿ 3 and n ¿ 2. More precisely, we have Table 1 .
Cm Cn
In this section, we determine the L(2; 1)-labeling numbers for Cm Cn with m = 3 or m is a multiple of 4 or 5.
Lemma 13. If integers m ¿ 1 and n ¿ 3, then (a) (C3m Cn) 6 8, (b) (C3m C2n) 6 7 for n = 2; 5.
Proof. From Fig. 2(a) , we have (C3m C 3k ) 6 8. Proof. Let V (C3 Cn)={vij | 0 6 i 6 2; 0 6 j 6 n−1} and Vj ={v0j; v1j; v2j}. In this proof, each index j is taken modulo n. Suppose f is a 7-L(2; 1)-labeling of C3 Cn. Then for each Vj, f(Vj) = Xi for some 0 6 i 6 19, where the Xi's are as follows: Clearly, we have f(Vi) ∩ f(Vi+1) = ∅ for i = 0; 1; : : : n − 1. If f(Vi) = X1, then f(Vi−1) and f(Vi+1) must be X11; X12; X13, or X14. But this is impossible. Thus, f(Vi) = X1, for each i = 0; 1; : : : ; n − 1. We can also show that f(Vi) cannot be X3; X4; X9; X17, or X18. Construct graph G with V (G) = {X0; X2; X5; X6; X7; X8; X10; X11; X12; X13; X14; X15; X16; X19} and
Then G is a bipartite graphs with the partite sets {X0; X2; X5; X7; X8; X13; X16} and {X6; X10; X11; X12; X14; X15; X19}:
Since f(Vj) = Xi for some i, we know that f(V0); f(V1); : : : ; f(Vn−1); f(V0) must form a closed walk in G and hence n have to be even. This implies that (C3 C 2k+1 ) ¿ 8. For the case in which n = 4, it is not hard to check that for each i =0; 1 : : : ; 6, {i; i +1}∩f(Vj)=∅ for some j =0; 1; 2; 3. Let A(i; i + 1) = {Xj ∈ V (G) | i; i + 1 ∈ Xj}. Then, |{f(Vj) | j = 0; 1; 2; 3} ∩ A(i; i + 1)| = ∅ for each i = 0; 1; : : : ; 6. This implies that |{f(Vj) | j = 0; 1; 2; 3} ∩ (A(0; 1) ∪ A(3; 4) ∪ A(6; 7))| ¿ 3; since A(0; 1) = {X16; X19}, A(3; 4) = {X2; X15}, and A(6; 7) = {X0; X10}. And we have NG(f(Vj)) ⊆ A(0; 1) ∪ A(3; 4) ∪ A(6; 7) if f(Vj) ∈ V (G) − (A(0; 1) ∪ A(3; 4) ∪ A(6; 7)). Thus, X5; X6; X8; X11; X13; X14 cannot be chosen, and at most one of X7 or X12 can be chosen. If X7 is chosen, then X0; X2 must be chosen for A(5; 6) and A(4; 5). But this is impossible since X0; X2, and X7 are in same partite set. So X7 cannot be chosen. Similarly, X12 cannot be chosen. Checking A(1; 2); A(2; 3); A(4; 5), and A(5; 6), X0; X2; X15; X19 must be chosen. But we can ÿnd that they cannot form a 7-L(2; 1)-labeling of C3 C4. That is, (C3 C4) ¿ 8. By Lemma 13(a), (C3 Cn) = 8 if n is odd or n = 4. Since C3 P4 is a subgraph of C3 Cn for each n ¿ 4, by Theorem 12 and Lemma 13(b), (C3 Cn) = 7 if n is even and n = 4; 10.
Since Cm Pn is a subgraph of Cm Cn, By Lemma 5 and Theorems 12 and 14, we have the following theorem. 
